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OI]THMH?»EIHHH B MOIdennx OJ]HOKOFOPTHOﬁ
HORY/NALHH C Y4eTOM COXPAHEHHUA €€ MOTOMCTEBA !

B parinoit paboTe nonyHeHsl ABHLIE GOPMYALE ONTHMANIEHBIX MpOUECCoB B MoRensx Muimepa n Knapxka, ko-
ra YHCISHHOCTL MOTOMCTEA OJHOKOTOPTHOL MOITY/ALHH OTPAHHYEHA CHH3Y.

© G. Ankhbayar, D. Haltar

Optimization in models of single cohort population
with constraint for number of descendants

1n present work is written explicit formula for optimal process in Fisherian and Clark’s models with bounded

below number of descendants.

1. Mogear @uinepa ¢ orpavnyeHsem
Honyctum, 4to oaHa ocolb BospacTa t
pPOXKAaeT NMOTOMCTBC B KoiauuecTse  b(1) = 0.

Mzt Gypem npeanonaratse, 4To  b(t) Asnsercs
HEOTPHULATENbHONW HEenpepblBHOH QYHKUHMER,
TaKoH, YTO MHQXeCTBa
B ={ref0,m)|b(t)2c>0}

BHLITTYK/IL] M OrpaHnyedsl U 3f, >0 Takas, uto
Yt >1,,b() > 0.

Toraa sce MOTOMCTBO NOMYNALMN 32 BpeMA
[0,20) DvaeT paBHATHCA

fb(:)x(:)da

Haua ontuMusauuonHas Moaens Oe3 yue-
Ta 3aTPaTel Ha PLIOONOBCTBO MMEET CNEAYHO-
LIHH BHIO

f e " w(O)x(Hu()dt — max, (1)

_["b(r)x(z)d: —0x0, 2)

1)y =—(m+u())x{¥), (3)
x(0) = R, u(f) 2 0,
rae  x(f) — unMcneHHocTs ocobell Bospacta f,

m>0 — ~ xko3pPHUAEHT  €CTECTBEHHOH

CMEPTHOCTH, u{{) — WHTEHCHBHOCTL M3LATUA,
w(1) — UBOH Bec ocobu Bo3pacTa ¢ .

Jlemma. HeoOxonuMbiM 4 J0CTATOYHLIM
YCIIOBHEM CYLLECTBOBAHNA peILeHUS 3amaqu
(1}-(3) ApnseTca BEIAOAHEHHE HEPABEHCTRA

R e™b(r)dt = Q. (4)
Kpome Toro, npH BbITIOJHEHUK YCAOBHA
RI"b(De™dt2Q 5)

pelieHue (1)~(3) coenamaer ¢
peillieHHeM  Knaccuueckoil mopean Pumepa
[1,3]. .
Joxazarenwerpo. [JeiicTBHTENbHO, TPH
HEBLIMMOAHEHUH HepaBeHCTBa (4) He cyliecT-
BYET HHKAaKOro AONYCTUMOTO YMPaBAeHHA B
sapaue (1)43). C apyrofi cTOpOHLl, OpU BH-
NIOJHCHHH 3TOrN0 HEPaBeHCTBA YIIpaBeHye

o, t<8,
o= &) e[0,0), 26,

rae be(:)e""’dtzQ ABASCTCS JOMYCTHMBIM

3anavu

cnenosaTenbHo, pewmenue sazaud {1)-(3) cy-
mecTeyet. [lepBas 4yacTe SeMMBI AOKa3aHa.

' PaBota BrinonHena npW QuHancoBOH moagepxke PODU (coBMECTHBIA POCCHACKO-MOHIOALCKUH NPOeKT

07-01-90101).
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Bropas 4acTb o4eBMAHA, TAK KaK fIpY BEIIO/-
HeHHW HepaBeHcTBa (5)3ataua (1)-(3) »xem-

BaJIGHTHA 3a7ave Oe3 orpanudenusn [1, 3.
M rtax Ham HYKHO HCCIEIOBATH Cilyuad,
KOFZa

R b(e™di <0, R [ b()e™ds = Q. (6)
Paccmarpusasg zamauy (1)(3) Ha aocraTouso
Gonbluom npoMexyTke [0,T), npeobpasyem eé
K CICRYIOWEeMY BUILY

f e "w(t)u(f)dt- > max, (7)
x(2) = —mx(t) - (), (8)

foonwazo, @

x(O=R, x(T)20,0()=20. (10)

Ho Ham ynobuo Gyner neenenopats 3azaqy

¢ ABYMs (azOBEIMM DepeMEHHBIMH, KOTOpas
SKBHBANEHTHA K npobaeme (7)-(10)

[ e wiydi->max, )
() = —mx(t) - (1), (12)
6= bOx(), L (3)
X0 =R,x(T)=0,
()2 0,(0)=0,(T) 2 Q. (14)

Teopema 1. Ilpn BLIMOAHEHMU yCNOBUi
{6) ONTUMaNbHOE ONHOUMITYALCHOE YNipaBne-

Hue umeer BualS]
0
v(f) = . .
Re™ - 8(r -1,)

raoe !‘; HaXOoIHUTCAa N3 YCNOBHA

=101 R [ b@)edt = ).

JokazaTetbeTBO. ['aMUfIbTOHMAH 33HaYM
{11)-(14) BRIrASOHT KaK

H{t, (0, (O, (0, 0(1)) =

=& w)olt) -y, (X mx(r) + v(D)) +

+Hy, (1)B(1)x(7).
Orciofa MMeeM Cleayiolmyl0 CONPKEHHYIO
CHCTEMY

wy(0) = my, ()~ b(h, (1), (i3)
¥, (=0 (16)
C IPAHHYHBIMK YCIOBHSIMH
w(T)z20,p,(T)=0,
(M) + y, (THNTY-0) =0.
Hetpyaro  BRAETh, 4YTO  (yHKHUMR
V) (), () He HMEIOT Pa3phiBOB B TOUKAX

WMNYNLCOB, W NO2TOMY M3 (16) chnedyeT, 4To

Wwolty=const =y, 2 0.
U3 nenpepripuocTn b(¢) u ypasHenna (15)
cienyer rnagkocth dyukmmu y,(f). Kpome

Toro, Oymem npeanosararb, 4TO B 3ajaue
(11)-(14) cymecTsyeT ONTHMATLHOE PELLEHHS

¢ HMMYABCOM B ORHOM ToUKE ¢, <F<T, T..
() =co{ - 8y + u(s). (17}
B cuny npubumna makcumymal2] Beifon-
HAETCS COOTHOLIEHHE

H =~y H+e"wHsle
Sy (Eyz e "wit)t 2 0), (18)
H () =—w, (B +ew@) =0
< (@)= w(8).
i3 311X COOTHOIUEHUH M FNaJKOCTH PyHK-
UMy w,(f) ¥ YHUMOJANBHOCTY (PYHKUMY

¢”"w(t) cnepyet, 4to ITH PYHKUHA KACAIOTCA
B OAHON TOUKEe &, TNPHUESM MpH f # & HepapeH-
ctBo {18) OymeT cTporuM, CNEIOBATENBHO,
u(@)=0 nns t#86 B nesol uacty Gopmyns
(17). Otciopa Takke Cneayer, 4To ¢ =Re ™.
Honyctum, yTo w, =0 Torna
v, ()= (0™ =w(@e "™ u e "w(l)
KACAKTCH B eARHCTBEHHON Touke & =1,. Cne-
NOBAaTENEHO, X(1)=0 Ann 72!, U MOITOMY B
CHITY MEPBOIG HepaBeHCTRA (6)

R{ b@e™dt = [ b))t < ©,
YTO NPOTHBOPEHYUT ycnoBuio (10) 3anaun
{(N«16). H Tak w,>0, cnegoBarensHO,
wT)y=0 B cuny BTOPOTC IPaHUMHOIC YC10~

BHA.
Hanumem YCHOBHC  KacaHHA

w, (1) 1 e w(t) B TouKe &
w(B)=e""w(®),
(€)= myp,(6) -~ v,b(0) =
e (W(B) - rw(8)).
H3 nepBoro paBeHCTBA M NEPBOIC YpaBHE-~
HHA CONPAKEHHOM cucTeMB! (15) AOAYYHM

W (1)y=e™ (u@)e ™ +

+ fwzb(r)e""’dr - iwzb(r)e'”'dr).

TloactaBue 37ty GopmMyay BO BTOPOE ypaB-
HEHHE, OKOHUATENIBLHO HOTy4aeM

wn— _@ = b(Q)WZBN? .
wi@) w6}

byHKUME

(19)
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370 ypasHEHHE HMeeT pellcHue & >{,, TaK
kak  HFy>0 (ecsim O H(E)=0, TO
bt)=0 vr<0). Tak kak x(¥)=0 Viel6,T]
u pTy=Q, 10

R by dr=0Q.

Haunmeiblice 3HaueHHe #, =mind, KoTo-

{POE YIOBRETBOPSIET 3TOMY YpaBHEHHIO, OyxeT
Toykoit umnyasca. Mz (19) MOXHO ofpeie-

IuTh 7, u GyHkumo y(f). TeopeMa nokasa-
Ha.

2. Mogear Knapxa ¢ orpasniennem
Mozene Knapxa [1] ¢ orpanuyetinem ume-
€T Cneayowyii B

f ™" (W(E)x()u(r) — Cu())ds —> max, (20)

fb(:)x(r)dr ~0>0,

x(1) = —(m+u(tPxir),
2(0) = R, u(?) 2 0.

Teopema 2. Tlpu fb(r)x'(r)dt?_Q OnTH-

ey
(22)

ManLHbIA npouece B 3aaaue (20)422) Oyaer

KaK B Knaccuueckoit moaenn Knapxka [3,5], a B
TIPOTHBHOM CHy4Yae ONTHMAJIbHAR YMCNICH-
HOCTL ¥(f) M ONTHUMAnNbHOE YNpapNeHUE #(/)

BLIPAXKAKOTCH COOTBETCTBEHHO GOpMYNTaMH

Re™, <<,
Cr
w(t "
Fry={ wim+r -;8—) - Ab(ne
;, <151,
(F5)e™ 5, <t
0 L6,
W= % .
O30 e,
b))

rA€ f,f, W HEOMpeAeneHHsIA MHOKHUTEND
A > 0 onpegensioTes U3 CHCTEMBI

e Re™ - (—mw(d )+ w(E ) + Ab() Y™ )
w(YRe™ —C
{A-e" B(t,) = mw(t; ) - W(E,),

fb(x)i(:)dr =Q.

TokazarebeTBo. [ AMWIBTOHHAH H  CO-

OPAXKCHHOE YPaBHCHYUC A4 3aA34H

HMEIOT BHIIR!
Hx()w (), u(1),A) =
= H(x(0),q(0),u(0), A) =
=& " (W) x(Dult) ~ Cult) + Ab{)x{t)e” ~
—q(1)(m + u(1))x(1)),
() = ~w(Du(ty — Ab(H)e” +
+q(£)m + u()) + rg(s).
U3 ycnosus onrumMansHoCTH MEl toayuaem (4]

(20)-(22)

%}{ =w(Hx()-C ~g{)x(t)=0—>
i
W)+ w(t)x(1) — g()x () — g(D)x(1) = 0.

[Mpu x(¢}=0 ™Mbi A ONTHManbHOM uYWCHEH-
HOCTH BO BpeMs BBELIOB2 HMEEM
. Cr
0= W)
w(tXm + ¥ — —-2) = Ab{t)e"
w(t)

(23)

OnmuManbsHoe BpeMs f, Hauana potOONOBCTBA
omnpegesnsercs U3 GopMynst (23) npy yCnoBHAX
X y= -m¥( ) )= Re™

_Re™ - (—mw(t] )+ w(t)) + Ab(0)e”)
- w(t JRe™ —C

A3 yeroBusi 420, MBI BUAMM, 4YTO MOMEHT

r

. (24)

Havaja BBINOBA tl. HE MEHBIIEC YeM HAYaNbHBIN
MOMEHT BBLIOBA { B KAaccuueckol mozenu

Knapka [3]. BeutoB Ao/mKeH 3aBeplIMTLCA B
TOT MOMEHT, KOrAa 3HAY€HHE MOJbIHTEerpanb-
HOl (YHKLHY CTAaHOBUTCA OTPUUATEABHBIM,

T.€. BPEMS 3aBEPIEHHA BBIAOBA , ONpeaes-
€TCS PABEHCTBOM

2-e"b(r) = mw(t;)—w(t),  (25)
YTO O3HAYAET (I, <4,), TAE !,— BPEMs 3aBEp-
HeHMS BRJIOBA B KJIACCMYECKOW MOACIH
Knapka {3]. [Iycte x'(r) onTHmaAbHas vuc-

NeHnoCTh B Knacchveckod mozend Kaapxa,
KOTOpas BeIpakaeTcs GopMyJIon
(

Re™, 0<t<t,
¥ ()= o - f,<t<t,
wity,” ! 2
w(E)r+m—-—)
w(t)
X, )e ™, t<t.

HcHo, yT0 npu fb(t)x'(r)dt >0 bynyr
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I: =1, 3; =1, u (Hy=a(),

X' () =%1), A=0,
rae u (f), #{t) — COOTBETCTBEHHO ONTHMANb-
HBIE YOPABACHHA B KRACCHYESCKOH 3apaue
Knapka W B Haweii 3agaue, x (¢), ¥(?) — coor-
BCTCTBYIOLINE YUCICHHOCTH TOMYMALIMH.

B cnyuae fb(t)x'(r)dt<Q HeonpeeneH-
HBIH MHOXUTENL A W MOMEHTBI BpeMeHH
t,’(A), r;(/‘t) OMPEALNIAOTCS N3 COOTHOLIEHUN
(24)-(25) W AOMONHHUTENBHOrO YpPaBHEHUS

f bOENAt =0, rae ¥(7) =

Re™, 0<r<y,
= ?i;t) AR IES
Wl m+r ——=)— Ab(1)e"
w(t)
L X, 6 <t
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